We examine the impact of D −D mixing in the extraction of the angle γ of the unitarity triangle with
I. INTRODUCTION
The most sensitive method used so far to measure the angle γ (φ 3 ) of the unitarity triangle exploits the interference between the b → cūs and b → ucs amplitudes in B − → D ( * )0 K ( * )− decays [1] [2] [3] . Since the process is dominated by tree amplitudes and the hadronic parameters are extracted directly from data, the measurement of γ through these decays is theoretically very clean [4] . Some sources of bias have been neglected until now but might become significant at next generation B physics experiments, where the experimental precision is expected to go below 1
• [5, 6] . These include the effect of mixing and CP violation in D decays [7] [8] [9] [10] and in the neutral kaon system [11] .
In this paper we examine the impact of D−D mixing in the extraction of γ with flavor-tagged B → D ( * )0 X s and B − → D ( * )0 π − decays, with X s = K ( * ) + nπ (n ≥ 0). A number of topics discussed in previous papers [7] [8] [9] are further analyzed and additional aspects are investigated. In Sec. II we derive the rates of the decays B ± → Dh ± (h = K, π) including the effect of D −D mixing and without assuming CP conservation in mixing or in decay. In Sec. III-V we compute the leading corrections due to D −D mixing in the main analysis methods to extract the angle γ. In Sec. VI we point out that the effect of charm mixing depends on how the signal selection efficiency varies as a function of the D proper time and we derive the correction factor in terms of the experimental acceptance and time resolution function. The conditions under which the leading corrections become quadratic in the mixing parameters x = ∆m/Γ and y = ∆Γ/2Γ, as opposed to linear, are discussed in Sec. VII, where we point out some limitations to the applicability of this scenario. In Sec. VIII we derive the analytical formula for the bias on γ when D −D mixing is ignored in the B rates but not in the measurement of the D decay parameters, showing that even though the bias could be in principle as large as 3
is found to be < ∼ 1
• due to the measured value of the strong phase between the b → ucs and b → cūs amplitudes. On the other hand, the effect in B − → D ( * )0 π − decays cannot be ignored. In Sec. IX the discussion is extended to the decays B → D ( * )0 X s with X s = K ( * ) + nπ (n ≥ 0), while in Sec. X considerations on the advantage of a global combination of the γ-related observables and charm mixing measurements are presented.
In this section we introduce the formalism and derive the main equations that will be used in the rest of the paper. We define the eigenstates |D 1,2 of the effective Hamiltonian in the subspace spanned by |D 0 and |D
with eigenvalues λ k = m k − i 2 Γ k (k = 1, 2). We adopt the convention CP |D 0 = |D 0 and CP |D 0 = |D 0 , and we require that CP |D 1,2 = ±|D 1,2 if CP is conserved. This condition implies q/p = 1 if CP is a symmetry of the Hamiltonian. We define the D −D mixing parameters
Experimentally it is found [12] x = 0.63
From eq. (1) it follows
with
2 .
The amplitudes of the decay B − → [f ] D K − and its CPconjugated process can be written as
where [f ] D represents any final state originating from the decay of D 0 orD 0 and
The time-integrated decay rate of 
We define r f , δ f , r B and δ B as:
Calculating the integrals in eq. (15) (see the Appendix) assuming a constant ǫ(t), it follows:
where
The rate of , 13] . In the case of B − → D 0 π − , r B,π has not been measured yet but it is expected to be approximately r B |V cd V us /V ud V cs | ≈ 0.005, so that
In the following sections we assume CP conservation in charm mixing (q/p = 1) and decay, and we usually ignore terms of the order O(x 2 + y 2 ) that can be neglected if compared to the current experimental precision. However, we will refer to the general expression of Eq. (17) in Sec. X where we discuss a strategy to extract γ. The signal selection effciency as a function of the D proper time is assumed to be constant till Sec. VI, where we discuss the correction factors to apply in the general case.
III. THE ADS METHOD
In the Atwood-Dunietz-Soni (ADS) method [14] the D 0 is reconstructed into a doubly Cabibbo-suppressed decay. In the following discussion we consider D 0 → K + π − as an example. The ratio of the Cabibbo-suppressed and Cabibbo-allowed rates is measured separately for B + and B − :
Historically, the ADS observables are expressed also in terms of the CP asymmetry and the average ratio, defined as (17), neglecting terms quadratic in x and y or < ∼ O(10 −2 ) with respect to the leading terms, the rate of the suppressed decay is
For f = K + π − it is found r f ∼ 0.06 and δ f ∼ 200
• [12, 15] . Analogously, neglecting terms < ∼ O(10 −4 ) compared to the main one, the rate for the Cabibbo-allowed process is
whereĀf /Af = r f e −iδ f and |Af /Ā f | = 1 were used, which are valid when CP is conserved in the decay. Using Eq. (21) and (22) , and neglecting terms < ∼ O(10 −2 ) with respect to the main ones, the ratios R ∓ K can be written as a function of the physics parameters as
A similar relation holds for R ∓ π , provided that r B and δ B are replaced with r B,π and δ B,π , respectively. It was already pointed out in Sec. II that the D −D mixing corrections are of the order of 10% relative to the main term containing
). They can sum up to ∼ 1 × 10 −3 , to be compared with the current experimental uncertainty on the measured ratios which is at the level of 2 − 3 × 10 −3 [16] . In the case of B − → D 0 π − r B,π ∼ 0.005 is of the same order of magnitude as x and y, and therefore the corrections are comparable in size to the terms containing γ. In this case even with the current experimental precision it is necessary to take D −D mixing into account. It is worth noting that the systematic uncertainty on R ± π measured by the LHCb Collaboration [16] is of the order O(
B,π ), therefore the quadratic terms in Eq. (17) may become relevant in future measurements [5, 6] .
To understand the effect of ignoring the D −D mixing corrections in the ADS observables it is useful to express the ratios R ± K in terms of the cartesian coordinates x B± ≡ r B cos(δ B ± γ) and y B± ≡ r B sin(δ B ± γ). Except for terms quadratic in x and y, Eq. (23) can be written as
which represents two circles in the plane (x B∓ , y B∓ ) centered at (−r f cos δ f −y/2, r f sin δ f −x/2) and with radius
and y B± , respectively. We will come back on this point in Sec. V and when we estimate the bias of γ in Sec. VIII.
In the above discussions we have considered D 0 → K + π − as an example, but analogous results apply to other Cabibbo-suppressed decay modes such as
− integrated over the phase space, with the introduction of a coherence factor κ before the terms linear in r f in Eqs. (21-23) (see for example [17, 18] ). Equation (24) is modified by replacing r f with κr f and adding the term 1 − (κr f ) 2 in the right hand-side. Therefore, the conclusion that ignoring D −D mixing corresponds to measuring (x
The case where a Dalitz plot analysis of the D final state is performed is discussed in Sec. V.
IV. THE GLW METHOD
In the Gronau-London-Wyler (GLW) method [19] the D meson is reconstructed in CP -eigenstate final states, such as
+ is also reconstructed and used as normalization mode. The quantities
are measured, withf = f CP ± or K − π + , where f CP ± indicates a generic CP -eigenstate state. The CP asymmetries Af h and the double ratios R
do not depend on |A D | and |A Dπ |, and can be used to constrain γ together with the hadronic parameters r B , δ B , r B,π and δ B,π . Their measurement is experimentally advantageous because a number of uncertainties cancel out in the ratios. A
are often called A CP ± and R CP ± , respectively.
As done for the ADS method, we derive the relations between the observables and the physics parameters including the D−D mixing corrections. From Eqs. (17) (18) (19) , assuming CP conservation in D decay and mixing and using
An analogous relation holds for B − → D 0 π − with the substitution A D → A Dπ , r B → r B,π and δ B → δ B,π . The rates of the CP -conjugated processes are obtained with the replacement γ → −γ. It is worth noting that the relation (27) is exact, that is no quadratic or higherorder terms in x and y were neglected. Therefore, R are not affected by D −D mixing because the factor 1 + η ± y cancels out in the ratios. This conclusion is still valid for an arbitrary selection efficiency ǫ(t) (see Sec. VI) provided that it is the same for all the decays involved. The factor 1/(1 + η ± y) is replaced by
Charm mixing terms only appear in R
, which is defined as the ratio of the decay rates of 
K/π . This conclusion differs from the one in [8] because at that time it was probably not clear that it is experimentally advantageous to express the GLW observables in terms of CP asymmetries and double ratios.
V. THE DALITZ METHOD
In the Dalitz method the D meson is reconstructed in a 3-body final state such as
. The use of 4-body decays has also been investigated [22] . In the following we consider the de-
, but similar conclusions apply to other decay modes. First we analyze the modeldependent analysis, then we will comment on the modelindependent approach.
Assuming no CP violation, we write the decay am- (17), neglecting terms quadratic in x, y and introducing the cartesian coordinates x B± = r B cos(δ B ± γ), y B± = r B sin(δ B ± γ), the yield is:
Introducing the shifted coordinates x ′ B± = x B± − y/2 and y ′ B± = y B± − x/2 as in Sec. III, Eq. (28) can be written as
where r 
, or in time-integrated Ψ(3770) → DD decays at charm factories [24] ), then ignoring charm mixing in the measurement of γ corresponds to measuring (x ′ B± , y ′ B± ) instead of (x B± , y B± ). This is the case of the BaBar measurement [1] , where the nominal Dalitz models are determined in a timedependent D −D mixing measurement [23] . Anyway, the bias in (x B± , y B± ) is about one order of magnitude smaller than the statistical error and comparable to the systematic uncertainty associated to the Dalitz model, which might be difficult to improve and at present is considered as a potential irreducible limitation of the modeldependent method. In the model-dependent Dalitz plot measurement of γ performed by Belle [2] the D −D mixing was ignored both in the B rates and in the extraction of f ± from flavor-tagged, time-integrated
In this case the bias in the extraction of (x B± , y B± ) depends on the form of f ± and its precise estimate requires a simulation of the measurement, though in general the magnitude is reduced compared to the case where D −D mixing is not ignored in the extraction of f ± .
The model-independent approach [20] is free from the uncertainty associated to the Dalitz model description but it relies on the measurement of a set of hadronic parameters at charm factories [25] . The Dalitz plot is divided into 2N bins chosen to be symmetric under the exchange m 
in each bin j, and are measured at charm threshold [25] . From Eq. (29) the number of B ∓ decays in each bin j is
The result is analogous to the model-dependent case. If K j , C j and S j are measured without ignoring charm mixing, then ignoring it in the measurement of the B ± rates corresponds to measuring (x ′ B± , y ′ B± ) instead of (x B± , y B± ). On the other hand, it has been shown in [26] that ignoring D −D mixing at all stages of the analysis introduces a bias < ∼ 0.2 • in the extraction of γ. In this regard see also the discussion in Sec. VII.
In the case of B − → D 0 π − the bias is comparable to the magnitude of the cartesian coordinates since r B,π < ∼ O(0.01). Therefore, either the model-independent approach ignoring D −D mixing at all stages of the analysis should be used [26] , or the charm mixing corrections should be included. No measurement of γ using the Dalitz method with B − → D ( * )0 π − decays has been attempted so far.
VI. EFFECT OF A NON-UNIFORM SIGNAL SELECTION EFFICIENCY AS A FUNCTION OF THE D PROPER TIME
In deriving Eq. (17) from Eq. (15) it was assumed that the signal selection efficiency ǫ(t) as a function of the D proper time is constant. However, if this assumption is not valid (see for example [16]) a correction might be required. ǫ(t) can be derived from the signal acceptance A(t ′ ) as a function of the reconstructed proper time and from the time resolution function R(t
The form of Eq. (17) still holds for a generic ǫ(t) provided that the last three terms are multiplied by 
We analyze a simplified scenario where the decays with proper time between 0 and t c do not pass the se- lection, with Γt c < ∼ 1. This corresponds to assuming the acceptance function A(t ′ ) = θ(t ′ − t c ) and perfect time resolution, where θ(t ′ ) is the Heavyside step function. We refer to Eq. (A.1) and (A.2) in the Appendix. Apart from the factor e −Γtc , which is common to all integrals, from Eq. (A.1) two new contributions appear, y sinh(yΓt c ) < ∼ y 2 and x sin(Γt c x) < ∼ x 2 , resulting in the additional terms (
On the other hand, in Eq. (A.2) the leading effect is the multiplication of the terms linear in x and y by α = 1 + Γt c : if the experimental precision is good enough to discriminate x and y with a relative precision of the order Γt c , the correction is not negligible. Figure 1 shows how the correction factors scale as a function of t c in the example just discussed.
The effect can be particularly relevant for
, where x and y are of the same order of magnitude as r B,π . In case the corrections associated to a non-uniform ǫ(t) are found to be non-negligible they should be quoted to allow their use in independent computations of γ [27, 28].
In Secs. III-V it is implicitly assumed that all terms linear in x and y are multiplied by α, although we set it to 1 to simplify the form of the equations.
VII. CONDITIONS UNDER WHICH THE LEADING D −D MIXING CORRECTIONS ARE QUADRATIC IN x AND y
It is noted in [9] that the leading D −D mixing effects are quadratic in x and y, as opposed to linear, when some specific conditions are satisfied. We briefly examine these conditions and we point out some practical limitations when they are applied to the ADS method. Following [9] and using Eq. (8), the rate of B − → D 0 K − can be written as
The terms linear in x and y are absorbed in Γ f ,Γ f andδ f . In the limit where ǫ f = 0 Eq. (32) has the same form as the rate in Eq. (17) with x = y = 0, provided that r 2 f is replaced with Γ f /Γ f and δ f withδ f . Therefore, when (CP -conserving) D −D mixing is ignored in both the B and D decay amplitudes, the error in the extracted value of γ is of second order in x/r f and y/r f [9] .
We indicate two possible experimental drawbacks of this approach in the ADS method. The first is that what is measured from the combined D −D mixing measurements [12] is r 2 f , not Γ f /Γ f . Γ f /Γ f could be measured for this purpose from samples of flavor-tagged D 0 → f andD 0 → f decays, although some care would be required because the selection should reflect the one in B ± decays: indicating with α 1 and α 2 the correction factors defined in Eq. (31) for the two selections, terms linear in x and y weighted by α 1 − α 2 survive. The second drawback is that the phaseδ f , which can be shown to differ from δ f by terms O( x 2 + y 2 /r f ), should be obtained directly from the fit to the B ± decay rates with a consequent reduction of the sensitivity to γ. We remark that when the approach in [9] was proposed the constraints on the size of x, y and δ f (f = K + π − ) were very loose or not available, and therefore a precise estimate or direct correction of D −D mixing effects was not possible.
We conclude that in general the corrections due to D−D mixing are linear and of the order O( x 2 + y 2 /r B ) compared to the terms containing γ. A significant exception is represented by the GLW method discussed in Sec. IV, but also by the model-independent Dalitz method when charm mixing is ignored at all stages of the analysis [26] . It is worth noting that the estimate of the maximum bias |∆γ| ∼ 0.2 o in [26] assumes the same selection efficiency ǫ(t) in all relevant decays. Otherwise new terms linear in x and y would survive as previously discussed for the ADS method, leading to a possible increase of the bias.
Nonetheless, we show in Sec. VIII that the bias on γ introduced when the linear corrections are ignored is limited in B − → D ( * )0 K ( * )− decays due to the particular values of the strong phases δ B . In the case of B − → D ( * )0 π − , however, such corrections cannot be neglected.
VIII. BIAS IN THE EXTRACTION OF γ WHEN D −D MIXING IS IGNORED IN THE B ± RATES
Following the discussion in Sec. III and V, we estimate the bias in the extraction of γ and r B using 
where δ 0 = arctan(y/x) and α is the correction factor defined in Eq. (31) . Equation (33) neglects terms of the order O(( Figure 2 , top plot, shows how ∆γ varies as a function of δ B assuming γ = 70
• , r B = 0.1, y = 0.75 × 10 −2 , x = 0.63 × 10 −2 and α = 1. The scenarios where the value of x or y is changed by ±1σ ac- • . The resulting bias is ∆γ = (0.7 ± 0.7)
• . • and δB = 115
• . For illustration purpose the central values of x and y have been enlarged by a factor 3 with respect to the values in Eq. (4). Right plot: The same configuration except for δB, which was shifted by −90
• . In this case |∆γ| is visibly larger.
cording to Eq. (4) are superimposed. The bias ranges between +3
• and −3
• depending on the value of δ B . However, if we restrict ourselves to the measured range for
, the bias reduces to ∆γ = (0.7 ± 0.7)
• , where the error includes the uncertainty on δ B , x, y, r B and γ, and is dominated by the first two contributions. This is shown in Fig. 2 , bottom plot. The bias variation as a function of δ B is explained geometrically in Fig. 3 . The left plot shows the position of x B± and y B± assuming γ = 70
• , δ B = 115
• and r B = 0.1, together with the shifted points (x
The central values of x and y have been enlarged three times with respect to Eq. (4) to make the bias more visible. In the right plot the same comparison is shown except for the value of δ B , which is shifted by −90
• . In this case ∆γ is visibly larger. In conclusion, the shift of γ in the ADS and Dalitz methods when D −D mixing is ignored in the B rates but not in the determination of the D decay parameters could be in principle as large as ∼ 3
• in B − → D 0 K − decays, but in practice it is reduced to (0.7 ± 0.7)
• due to the particular value of δ B . 
γ the bias has opposite sign due to the effective 180
• shift of δB [29] . In the case of B − → D 0 K * − rB is in fact κBrB (see also the discussion in Sec. IX).
The equations giving the yield as a function of the physics parameters derived in the previous sections are valid for any flavor-tagged B → D ( * )0 X s decay with X s = K ( * ) + nπ (n ≥ 0) provided that the terms linear in r B are multiplied by a coherence factor κ B , where 0 ≤ κ B ≤ 1 [30] . The values of r B , δ B and κ B depend on X s and its selected phase space region.
The effect of D −D mixing is unchanged in the GLW method, where the factor 1/(1 + η ± y) still multiplies the rates as in Eq. (27). On the other hand, in the ADS and Dalitz methods when κ B = 1 it is no more possible to find a transformation of the cartesian coordinates that preserves the form of the yields as a function of the physics parameters as in Eqs. (24) , (29) and (30) . 
X. COMBINED CHARM MIXING AND γ MEASUREMENT
In the previous sections we have discussed the leading corrections due to D−D mixing on a number of γ-related observables. Such corrections should be taken into account in the global combination to extract γ [3, 27, 28] when they are significant compared to the experimental uncertainties: this is the case for B − → D 0 π − and might be soon the case for the ADS measurement of
]. In our discussions we have assumed CP conservation in D −D mixing and decay and neglected nextto-leading order terms, but in general these restrictions can be released using Eq. (17) . A global fit may be performed to simultaneously extract the D −D mixing and γ-related parameters by combining all the relevant measurements. The fit can be done imposing CP conservation in D decay, or allowing for CP violation in charm mixing and decay. The advantage of a global combination is twofold. The measurement of γ would exploit the full knowledge of the charm mixing parameters and CP asymmetry constraints with the correlations properly taken into account. On the other hand, the charm mixing measurements could take advantage of additional constraints from γ-related observables such as the one on the strong phase difference δ Kπ from the ADS method, which is necessary to exploit the knowledge of y′ ≡ y cos δ Kπ − x sin δ Kπ [12] . The constraining power on δ Kπ from the current ADS measurements [12, 16] is comparable to the direct measurement performed by the CLEO Collaboration at the charm threshold [31] .
XI. CONCLUSIONS
We have examined the impact of D −D mixing in the rates of flavor-tagged B → D ( * )0 X s and B − → D ( * )0 π − decays, with X s = K ( * ) + nπ (n ≥ 0). We have computed the leading corrections, linear in the mixing parameters x and y, for the ADS, GLW and Dalitz methods. In the GLW method the effect cancels out in the CP asymmetries and is suppressed in the double ratio R fCP ± K/π /R K − π + K/π . We have observed that the effect depends on how the signal selection efficiency varies as a function of the D proper time and we have estimated the correction factor in a simplified case.
We have shown that ignoring D −D mixing in the extraction of both the D and B decay amplitudes, which makes the leading corrections quadratic in x and y as opposed to linear, does not allow to fully exploit the available information in the ADS method.
When D −D mixing is ignored in the B ± rates but not in the measurement of the D amplitude parameters, the effect in the ADS and Dalitz methods can be described at leading order by replacing the cartesian coordinates (x B± ,y B± ) with (x B± − y/2,y B± − x/2). We have estimated the bias ∆γ when these corrections are 
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